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Introduction

Umm...isnQ this a pretty simple topic?

No, not really. In all reality, the mathematics governing dice are pretty complex - especially if we expand our view
beyond the traditional cube-shaped dice with pips numbering one through six. Generalization of dice and the prob-
abilities associated with rolling them is particularly useful to game players, but is absolutely critical to the developers
of table-top games.

We can see the truth of this with a quick thought experiment (though you could actually try it out if you wanted):
take a standard copy of Monopoly (or the special edition of your choice) and replace the two standard dice that ship
with the game with a 12 sided dice common to role-playing. This change creates a radical change in the way that

both the initial and end games play out (we’ll see why a little bit later).

This article requires an understanding of basic three-dimensional geometry and an introductory knowledge of statis-

tics.

Dice Properties

Types of Dice

Before beginning, its useful to clearly define what a die actually is:
Oa small cube with faces bearing from one to six spots, used in games of chanceO - Oxford English Dictionary

Not particularly useful given that in gaming, dice come in many shapes. As such, we’ll start with a slightly deviant

definition:
Oa solid with markings on each of its facesO - Mathworld
This works a bit better, but it might need a bit of explaining:

e for our purposes, a solid will refer to any closed, 3-dimensional figure made up of four or more vertices (while
there are certainly dice with fewer vertices, but as we’ll see later, these can’t be considered “fair”)

o markings refers to any indication of cardinality; for the purposes of this discussion, the order of markings will be
considered important as discussed later

e a face refers to the polygon formed by the three or more vertices on the “outside” of the solid (in more rigorous
terms, a face is formed only by polygons that can be formed by three or more vertices such that no other polygon
intersects with the polygon)

This is a fairly loose definition and it certainly allows for the introduction of dice that aren’t “random” - or put an-
other way, fair.

OFair0 Dice
So how do we identify a die as “fair?” We will start with a fairly obvious standard that most readers will agree with:

Requirement: Equal Probability - on any given roll, if constructed perfectly, the probability of one face landing face-
up should be equal to the probability of any of the other faces landing face up
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Clearly this requires a level of precision that isn’t possible in reality. For those with a statistics background, this

means that given a die with n faces, the probability of any face showing up is = .
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Figure 1 - Probabilities for 1-6 on a fair six-sided die
While this seems like a simple requirement, it has some interesting implications:

e Implication 1: The die must be a regular isohedron (e.g. the Platonic solids), that is, all faces must be the same size

and shape (note that this also means that the die must have an even number of faces)
e Implication 2: No numbers can appear on a die more than any other

Requirement: Linear numerical sequences should not appear between adja -
cent faces- this is a nod to reality in that most die will land in the same gen-

eral area for a given roller

The next requirement requires the introduction of a bit of three-dimensional

geometry. We need to define the “opposite face” from a given face of a die (as
a note - this is only doable for a regular, closed, non-pyramidal isohedra). For
the purposes of this exercise, it will be sufficient to define the opposite face as
any face of the die that is perpendicular to any given line intersecting another

face perpendicularly (that is, the two faces are parallel to one another).

Requirement: For a non-pyramid die with  f faces, given any number, n, on a
face, the number on the opposite face should be f-n - this is a long-standing
rule for die construction and I have been unable to find any information indicating the origin of this requirement; that
said, it stands to reason that this arrangement, when combined with the previous requirement, creates a distribution
that should create a flat distribution across the numbers on the die (as opposed to a normal distribution which would

indicate skewed results)
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Its worth noting that Keller and Diaconis have proven that there are “fair” dice that do not meet the criteria laid out

here. These are not considered in this article as these dice types are not commonly used in games.

Dice Rolling

So now that we have a better understanding of the basics of dice (and the specific types of dice we’ll be dealing with
in this paper), we have a basis to actually start doing something. This is a general survey, so breadth of coverage will

be preferred over depth.

Basic Probabilities

So we know that by definition the probability of any given roll on our die is +. That's great if we’re rolling only one

die, but what about multiples? We can generalize the probability even further in this form:

A N _sin l(Pk-nZ:a'SJ( 1) ( ) p sk — 1)

where fis the number of faces, n is the number of dice being used and s is the number of faces on the die. The result
is the probability of obtaining a value of p for a given roll. A complete explanation of how one comes to this formula
is a bit beyond the scope of this paper, but a basic explanation is that this function will find the coefficient xP in the

sequence :

2

{x + 2% +x‘)"

which is the number of permutations of all possible outcomes for a given die.

Note that this function is only good for determining raw values. It doesn’t take into account the probability that a
given number of specific values will be rolled for a given number of dice (a mechanic found in White Wolf Publish-

ing’s games as well as in several board games). The function to provide such a value is:

Paon o 0= 3t (2) (- 2)

k=x -

where f is the number of faces on the die, s is the number of successes possible on one roll (e.g. - if we need a 5 or 6
on a six-sided die, s=2), x is the minimum number of successes needed and # is the number of dice that are used. As
with the previous function, the full derivation of this function is a bit beyond the scope of this paper (though should
be more accessible to a high-school level knowledge of statistics - a quick start is that this formula computes
P(x)+P(x+1)+...+P(n) ).

Both of these formulae are complex enough that they’re unlikely to be used “on the fly.” However, printing out
charts based on these formulae for use in game playing (e.g. deciding which target to attack in Warhammer) or in

game design (e.g. allowing a designer to know the exact difficulty of a given act).
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Central Limit Theorem & Beyond

Something that many game players understand, but can’t really articulate is the tendency for die rolls to cluster in the
middle of the possible value range. The most common example of this is the rolling of two six-sided die resulting in
a sum of seven. The reason this clustering happens is explained by the central limit theorem. The most common

form of this theorem (also called the classic central limit theorem), says:

1. Let X1, Xo, X3,... be a sequence of random variables defined within the same probability space, the same probability distribu-

tion and are independent, identified as the distribution Sy
2. The expected value, Y, and the standard deviation, O, are finite
then as n approaches ! , S, converges to N(nH, no?), the normal distribution.

So what does that mean in plain English? The more dice you roll, the more the sum of the results will cluster in the

middle (the traditional bell-curve). This is fairly easy to show experimentally, as below:
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Figures 2-5 - Graphs showing the probability of any given roll for 1, 2, 4 and 8 dice

One thing that may not jump out immediately at a reader is that this only works for fair dice - otherwise our vari-
ables (the rolls) wouldn’t be random. Further, this only works for the case where die rolls are summed. In the case
where “successes” are counted on each die, the central limit theorem does not apply since we are counting individual
results, not the aggregate response. Intuitively, we know that given the need for a fixed number of successes, the

probability of success increases (and the converse holds true).
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Dependent Rolls

But what about the situation where we have dependent variables? In gaming, this is a fairly common situation. A
common role-playing example occurs when a player needs to roll to hit an opponent, and then rolls damage. The

beauty of the approach we’ve taken here is that it generalizes the rolling of the dice so that we can generalize any

dependent rolls as:

P(x1)P(x2)...P(xy)

References

Diaconis, P. and Keller, J. B. “Fair Dice.” Amer. Math. Monthly 96, 337-339, 1989.

Eric W. Weisstein. “Dice.” From MathWorld--A Wolfram Web Resource. http:/ / mathworld.wolfram.com/Dice. html

Various, “Central Limit Theorem” From Wikipedia, http:/ /en.wikipedia.org/wiki/Central_limit_theorem

www.newmyths.org The Secret Life of Dice




